Theoretical derivation of the relation between radio surface brightness (Σ) and diameter (D) for shell-type galactic supernova remnant (SNR) at the adiabatic phase and radiative phase is investigated respectively in our paper. We find that a transition point exists in 30 pc between these two Σ-D relations, which can be consistent with the statistical results made by other authors. In addition, we also obtain the statistical result of Σ-D relation on 57 shell-type galactic remnants, which suggests that the best fit line of the Σ-D relation should be slightly flatter than those proposed by some other authors before. An extra interesting result is that our theoretical derivation also implicates that a new state may exist between the adiabatic phase and radiative phase.
INTRODUCTION
The relation between radio surface brightness (Σ) and diameter (D) of supernova remnant (SNR) has been widely discussed (e.g., Poveda & Woltjer 1968; Clark & Caswell 1976; Green 1984; Mills et al. 1984; Huang & Thaddeus 1985; Arbutina et al. 2004, etc.) . And it is usually used to determine the distance of a SNR ( Clark & Caswell (1976) , Allakhverdiyev et al. (1983) , and Allakhverdiyev et al. (1985) got a broken fit line in their works. At 408 MHz, Clark & Caswell (1976) had a broken line with slopes of β = −2.7/ − 10 (Σ ∝ D β )at D 32 pc/D 32 pc, while at 1 GHz Allakhverdiyev et al. (1985) obtained the line slopes of −3.0 and −6.0 with transition point at D = 40 pc. And the theoretical analysis was once made by Duric & Seaquist (1986) ⋆ E-mail:huyp@nuaa.edu.cn † E-mail:jack.
hjp@gmail.com ‡ E-mail:xjw@itp.ac.cn which also showed that there was a transition point theoretically. However, the exact value of transition point was not given there. On the other hand, the galactic SNRs are usually classified into three types: Shell-type, Plerion-type and Composite-type. In this work, we merely consider the shelltype galactic supernova remnants, which usually have four evolution stages: the free expansion phase, the adiabatic or Sedov phase, the radiative or snowplough phase and the dissipation phase. Nearly all of the detected SNRs are at the adiabatic phase or the radiative phase while almost none is observed in the 1st and 4th phases due to the fact that SNRs at these two phases are usually practically undetectable. This paper is constructed as follow. Firstly, in section 2, we give the theoretical derivations of the Σ-D relations at both adiabatic phase and radiative phase respectively, discussion about transition point is also included in the end of this section. Then, statistics on the Σ-D relations of 57 shell-type Galactic SNRs are made. Finally, we give our conclusion and discussions in section 4.
THEORETICAL DERIVATION OF Σ-D RELATION
Since the shell-type galactic SNRs at both free-expansion phase and the last phase are usually practically undetectable, we just investigate the theoretical Σ-D relations of supernova remnant at the adiabatic phase and radiative phase. Note that, the physical process of supernova remnant at the adiabatic are usually different from that at the radiative phase. 
where the coefficient
The shock wave velocity should be
At the adiabatic phase, the thickness of remnant is proportional to D (Milne 1970) , and the shell volume which contains all the radio-emitting particles is
here C0 = π 6
(1 − (
3 ) ≃ 0.37 is the volume coefficient. Notice that condition Di/Do ∼ 2/3 has been assumed and Di and Do are the inner and outer diameter of the remnant shell respectively. Combining (3) and (6), one obtains the volume of the shell with respect to t V (t) = C0A 3 0 t 6/5 .
As the shock waves of remnant travel, the ambient magnetic field B at the adiabatic phase will decrease with D according to (Padmanabhan 2000)
Substituting (3) to it, we have
Ginzburg & Synovatskii (1965) and bell (1978) show that the radio emissivity ǫ(B, υ) of a shocked gas which are affected by a magnetic field to produce the synchrotron emission can be expressed as
where the unit of ǫ(ν) is W Hz −1 m −3 , ξ(µ) = 11.7a(µ), and a(µ) is the function tabulated by Ginzburg & Synovatskii (1965) . The velocities of shock waves in the second and third phase of SNRs are typically far less than 7000 Km s −1 . Thus, (10) can be further simplified
Taking account of (3), (9) and the average value of the remnants spectral index α = 0.5, we can get
If the shell volume is considered to be encompassed by the radiating electrons, the surface brightness of remnant can be written as
Inserting (3) (4) (7) and (12) into it, we obtain
Finally, one can get
where
here some typical values of physical parameters of SNRs are taken: ISM density n0 = 0.1 cm −3 , SNR initial explosion energy E0 = 10 51 erg, the diameter and ISM magnetic field of remnant at the beginning of Sedov phase D0 = 2 pc and B0 = 10 −4 G, etc. Therefore, the theoretically derived line of Σ-D relation at the second phase of SNR can be
Note that, the power-law spectral index is same as that of Duric & Seaquist (1986) when D ≫ 1 pc (formula (2)). However, because the typical values are not same, the coefficient in (17) is different.
Σ-D relation at the radiative phase
Same choices of units are set as those in section (2.1), and the equation for remnants at the third stage is (Mckee & Ostriker (1977) )
where A1 is a constant A1 = 0.03
From which, we obtain the velocity of shock wave at the radiative phase
Same as the adiabatic phase, the volume of shell can be
If we roughly take Di/Do ∼ 3/4, then the coefficient will be C1 = π 6
3 ) ≃ 0.3 ,and Di and Do are defined as before. Changing the variant D to t, one can rewrite the volume of shell as
Note the truth that the ambient magnetic field B of a remnant decreasing with the diameter D at the adiabatic phase is (8), while at the dissipation-phase it is B(D) = B1(D1/D) 0 . Therefore, we can moderately suppose that the ambient magnetic field B at the radiative phase can be
where the parameter β ranges from 0 to 1. After substituting (18) to it, one gets
Therefore, following the same steps as the above section and still taking n0 = 0.1 cm −3 , we can obtain the Σ − D relation at the radiative phase
Now we have the form 
However, here it arises an interesting question that the initial value of diameter D at the radiative phase is not equal to our chosen value 20 pc. In order to answer this question, there are some possible interpretations. For the simplicity, here we just investigate the effect of the initial value of diameter D1 in (23) at the radiative phase. In addition, for further convenient, we sign Dt as the transition diameter of Σ-D relation between the adiabatic phase and radiative phase, which satisfies
After investigating the two lines, we can find that the coefficient mr in (26) or (27) is sensitive to the initial value of diameter D1 at the radiative phase. In fact, in the case of (28), the Dt is 108.2 pc, which is larger than 20 pc. If we choose the D1 = 36pc, we can obtain Dt = 18.6 pc. However, the difference is that Dt < D1 in this case, while Dt = 108.2 pc > D1 = 20 pc in the previous result. These two results can implicate that the radio surface brightness of SNR may have a bound when the SNR transits from adiabatic phase to radiative phase. Note that, there is another case such that Dt = D1 if we choose an appropriate value of D1. After expressing Dt as the function of D1, we can obtain
where Dt and D1 are in the unit of pc. Thus if Dt = D1, one can easily derive the appropriate D1
From the viewpoint of the statistics, Clark & Caswell (1976) got the diameter with a transition point about 32 pc for 29 galactic SNRs at 408 MHz, and also 32 pc at 5000 MHz. Allakhverdiyev et al. (1983) got Dt ∼ 30 pc at 408 MHz for 15 shell-type remnants, and ∼ 32 pc at 1 GHz. For a larger number of samples of 146 all-sort galactic objects including plerion, shell and composite-type remnants, Allakhverdiyev et al. (1985) obtained Dt ∼ 40 pc at 1 GHz. Therefore, it seems that the most possible case of the remnants is that there is no bound but a transition point at Dt = 30 pc for the radio surface brightness of SNR when the SNR transits from adiabatic phase to radiative phase.
STATISTICS OF Σ-D RELATION
We collect 57 shell-type remnants (table 1) 
Note that, the SNR G4.5+6.8 (Kepler) in table 1 is excluded to avoid large deviation of fitting because of its extremely small linear diameter (3 pc only). Another source SNR G166.2+2.5 is also not used for being a false remnant. From the Fig. 1 , it seems that the best fit line in plot is somewhat flatter than those derived by some authors before (e.g., Clark & Caswell 1976 , 1979 Milne 1979; Allakhverdiyev et al. 1985; Duric & Seaquist 1986) . For the statistical result above, the comparison of some results from Case & Bhattacharya (1998), Xu et al. (2005) and our theoretical results in this paper is made and the corresponding best fit values are β = −2.15, −2.64, −1.6, and −3.5/ − 3 (for Sedov/radiative phase) (Σ ∝ D β ), respectively. All of the fit lines are somewhat flatter than those derived by some authors at early time, which can reach as high as β = −6 at 1 GHz (Allakhverdiyev et al. 1985) and β = −10 (Clark & Caswell 1976) .
Case & Bhattacharya (1998) 
In addition, we can see that the broken in our theoretical analysis is to some extent quite small. 
CONCLUSION AND DISCUSSION
At the beginning, we theoretically derive the Σ-D relation of Shell-type Galactic SNRs by using basic formulas with some reasonable physical suggestions and typical values publicly accepted, and the line slope values obtained are β = −3.5/ − 3 for adiabatic/radiative phase respectively. Then, we discuss the transition point from these two Σ-D relations. The diameter obtained at the transition point Dt = 30 pc is somewhat smaller than the statistical results derived before. In addition, we also make a simple statistics on 57 shell-type remnants (table 1) in Galaxy to obtain the Σ-D relation, and it shows that the best fit line in plots is slightly flatter than those derived by some authors at early time.
It should be emphasized that the transition point Dt is sensitive to those parameters such as the volume coefficient C0, mean electron density n0, SNR initial explosion energy E0, magnetic field at the beginning of the evolving secondstage and third-stage B0 and B1, and the parameters D0 and D1. In addition, the true physical process of the third stage of supernova remnant is complicated. Therefore, for the simplicity, we just consider the synchrotron radiation equation (11) is still valid in the third stage, and take the effect of D1 into account in the above to obtain the transition point. In fact, we can also take the effects of other parameters into account, i.e. the effect of the electron density n0. Note that throughout the paper we take the electron density n0 = 0.1 cm −3 at both the adiabatic phase and radiative phase. One can see that the electron density n0 denotes the density of electrons inside SNR shell which emits synchrotron radiation according to (10). These electrons can come from not only the interstellar media (ISM) with particle density typically equals to 0.1 cm −3 , but also the SNR progenitor. Thus the electron density will be truly larger than 0.1 cm −3 , and hence the value of Dt obtained will also be different. However, the result will be basically same as that discussed in the above, i.e., there is a bound or a transition point when the SNR transits from the adiabatic phase to radiative phase.
In addition, we also would like to discuss the validity of the equation (11). Obviously, it is valid just when the velocity of shock wave is much less than 7000 km/s. According to (3) (5), the corresponding diameter at the second phase should be much larger than 10.6 pc when E0 = 10 51 erg and n0 = 0.1 cm −3 . And when vs = 7000/ √ 10 km/s, the corresponding diameter is 22.9 pc (if SNR is still at the second phase) which is close to the transition point. Therefore, according to the above analysis, the equation (11) is valid at least in the end of the second phase, which shows that the transition point Dt = 30 pc is consistent and reasonable. Of course, if the initial values of SNR such as E0, n0 are different, the discussion may also be different.
Finally, an interesting result can also be implicated from our theoretical derivation, i.e., a new state may exist between the adiabatic phase and radiative phase. Since the time at the transition point Dt = 30pc for the adiabatic phase and radiative phase from the equations (3) and (18) is t1 = 27.9yr and t2 = 3387.8yr respectively, which is obvious that t1 t2. Note that, the typical lifetime of adiabatic phase and radiative phase are 10 4 yr and 10 9 yr, and t2 is close to the typical lifetime of adiabatic phase 10 4 yr. Therefore, maybe we can reasonably conjecture that D(t) remains constant, i.e, D(t) = 30pc when t ranges from t1 to t2. In other words, there may be a stable state between the adiabatic phase and radiative phase. 
ACKNOWLEDGMENTS

